Introduction and main results
Let q be a power of a prime p and F q n the extension of the finite field F q with degree n (> 1). If N = {α, α q , . . . , α q n−1 } is a normal basis of F q n over F q , then α ∈ F q n is called a normal basis generator element (or a normal element) of F q n over F q . Suppose The complexity of N is defined to be the number of non-zero elements t i, j and is generally denoted as C N . In [6] , Mullin proved that C N 2n − 1. A normal basis N is called an optimal normal basis when C N = 2n − 1.
A lot of papers have been published on normal bases or optimal normal bases over finite fields [1, 9, 7, 8, 5, 3, 10] . In [6] , Mullin et al. obtained the construction theorems for both type I and type II optimal normal bases.
The construction theorem for a type I optimal normal basis. Suppose that n + 1 is a prime and q is a primitive element in Z n+1 , where q is a prime or a prime power. Then the n nonunit (n + 1)th roots of unity are linearly independent and they form an optimal normal basis N of F q n over F q ; and N = {α where α is a primitive (n + 1)th root of unity.
The construction theorem for a type II optimal normal basis. Let 2n + 1 be a prime, and assume that either (a) 2 is a primitive element in Z 2n+1 , 4) , and 2 generates the quadratic residues in Z 2n+1 .
Then α = γ + γ −1 generates an optimal normal basis N of F 2 n over F 2 , where γ is a primitive (2n + 1)th root of unity; and N = {α, α 2 , . . . , α
a type II optimal normal basis of F 2 n over F 2 .
It is well known that normal bases are widely used in applications of finite fields in areas such as coding theory, cryptography, signal processing, and so on (see [10] for instance). In particular, optimal normal bases are desirable. In 1992, Gao et al. [4] proved that every optimal normal basis is equivalent to one of the two types of optimal normal bases. Hence, for many finite fields, there exist no optimal normal bases. For these finite fields, it is desirable to have normal bases of low complexity. Recently, Wan and Zhou [11] proved that the complexity of the dual of a type I optimal normal basis of F q n over F q is either 3n − 3 or 3n − 2 according as q is even or odd, respectively.
Christopoulou et al. [2] studied the upper bound of the complexity and the dual bases of the trace normal bases of optimal normal bases. They proved the following results.
In our following discussions, we suppose
• n = mk, 2 k m, and q is a prime or a prime power;
• α ∈ F q n , α is a normal basis generator element of F q n over F q , and N denotes the normal basis generated by α; 
Furthermore, the dual basis of B is generated by γ =
. Corollary 1. Let q be a power of the odd prime p and N be the type I optimal normal basis F q n over F q generated by α. Then, we have:
, otherwise.
Therefore, if k is even, our upper bound of C B is smaller than that in Proposition 2. And so is it if k is odd and m (3k − 1)/2.
Theorem 1 shows that the upper bound of C B in Proposition 1 can be reached for k = 3, and Corollary 1 shows that the upper bound of C B in Theorem 2 can be reached for k = 2, 3. Thus, we obtain a class of normal bases with the low complexity by this way.
Proofs of the main results
Before proving our main results, we first have the following two lemmas. [7] .)
Lemma 1. (See
(1) Let N be a type I optimal normal basis of F q n over F q generated by α, and T = (t i, j ) be the multiplication 
, we have
And, for i = 1, . . . ,n − 2, we have
Lemma 2. Let q be a power of the prime p and N
= {α i | i = 0, 1, . . . ,n − 1} be a normal basis of F q n over F q . Then a basis B = {β i | i = 0, 1, . . . ,n − 1} of F q n over F q
is the dual normal basis of N if and only if
Tr(
0, otherwise.
For our applications, here we give some different proof of Proposition 1.
Proof of Proposition 1. For
Since q = 2 is a primitive element in Z n+1 , we have
So ββ = β 2 , and for any 1 j m − 1, we have
Notice that, for 0 i k − 1 and 1 j m − 1, we have
mod n for any 0 i k − 1 and 1 j m − 1. So we have
, then we have
Therefore, we have
Furthermore, let
This means that γ generates the dual basis of B.
(2) Suppose k is even. Then we have j + mi = n 2 mod n for 0 i k − 1 and 1 j m − 1. Hence,
Thus we get
In addition, ∀ j = 1, . . . ,m − 1, we have 
And for every j = 1, . . . ,
Hence, based on Lemma 3, we get
Proof of Theorem 2. Let N be a type I optimal normal basis given in Theorem 2, then, since q is a primitive element modulo (n + 1) (= km + 1), we have
In addition, for any t satisfying 1 t k− 1 2 , that is,
which means that
Hence, we have
For any 0 i n − 1 and i = n 2 , we have
(1) If k is odd, then m n 2
, and so
Hence, based on Eqs. (3) and (4), we have
In addition, since n + 1 is an odd prime and k is odd, m is even. Thus, for every j = 1, . . . ,m − 1 and j = m 2 , we have 
Hence, from (5), (6) and (8), we obtain
and so
0, otherwise, which means that γ generates the dual basis of B.
(2) Suppose k is even. Then
It follows that by Eq. (4), we have
Especially, we have
On the other hand, since k is even, it follows that j + im = n 2 mod n holds for i = 0, . . . ,k − 1, j = 1, . . . ,m − 1. Hence, for 1 j m − 1, we have
Therefore, based on Eqs. (9), (10) and (11), we obtain
Similar to the case that k is odd, we can show that
generates the dual basis of B. 2
Proof of Corollary 1.
(1) Suppose k = 2. Then based on Eq. (9), we have
and
On the other hand, since n = 2m and 1 μ j = μ j+m n − 1, thus for 1 j m − 1, we have
it follows that α = α m , which contradicts that α generates the type I optimal normal basis N of 
Therefore, based on Eqs. (12), (13) and (14), we have
(2) Suppose k = 3. Then, according to Eqs. (6) and (7), we have the following for j = 0, 1, . . . ,
In particular, if p = 3, then
According to Lemma 3, for 1 j m − 1, we have
Furthermore, since q is odd we know that
In addition, since q is a primitive element in Z n+1 , we have
Thus,
since β ∈ F q m and it follows that
Therefore, based on Eqs. (15)- (21), we have For the type II optimal normal basis N = {α i = α But by taking q = 2, k = 2, m = 3, one can show that C B < 2n − 2k + 1. In fact, there is a minor fault in the proof of Theorem 3 in the last sixth line on p. 206 in [2] , that is, there should be at most not exactly be 2k ones in each row of D, and so we should have C B 2n − 2k + 1.
Conclusions
In this paper, we improve the complexity of the normal basis given by Christopoulou et al. in [2] .
We also show that some upper bounds of the complexity of the optimal normal basis of F q m /F q generated by β = Tr F q n /F q n (α) can be reached for small k = 2, 3. And for some small parameters q, m, k, the upper bounds of the complexity of the optimal normal basis described in Proposition 1 and Theorem 2 cannot be reached. Optimal normal bases of finite fields are generally applied for the improvements of cryptographic algorithms over finite fields. Especially for (hyper)elliptic curve cryptosystems, the all involved operations are performed on finite fields, thus, we strongly recommend to use optimal normal bases or normal bases with much lower complexity to reduce the computation complexity and make the (hyper)elliptic curve cryptosystems be efficiently fulfilled. Hence, to construct (optimal) normal bases with much lower complexity is a significant work for the implements of (hyper)elliptic curve cryptosystems.
It is desirable to find normal bases whose complexity are smaller than our given bounds or to describe the maximum lower bounds of the complexity of the normal bases given in this paper since normal bases with the lowest complexity are expected for their various applications. And it would be a meaningful work to give the lower complexity of the possible normal bases of F q n over F q with n being a prime number since the fields over which (hyper)elliptic curves are chosen for cryptographic algorithms or protocols are generally the extension fields of prime degrees.
